Quantum vacuum fluctuations of the electromagnetic field in empty space seems not to produce observable effects over the motion of a charged test particle. However, when a change in the background vacuum state is implemented, as for instance when a conducting boundary is introduced, dispersions of the particle velocity may occur. As a consequence, besides the existence of classical effects due to the interaction between particle and boundary, there will be a quantum contribution to the motion of the particle whose magnitude depends on how fast the transition between the different vacuum states occurs. A simple model describing a smooth transition between the vacuum states of this system is here implemented. The implications on the motion of the particle are discussed, and the results are compared with those based on a model presenting a sudden transition. Finite temperature effects are also examined, generalizing previous results. Similarly to the model at zero temperature, the assumption of a smooth transition between vacuum states leads to well behaved dispersions of the particle velocity. In certain configurations a sort of cooling effect over the motion of the particle can occur, i.e., the kinetic energy of the particle is lessen by a certain amount due to subvacuum fluctuations. Additionally, it is shown that thermal effects can be as important as, or even stronger than, vacuum effects arbitrarily near the boundary.
Introduction
Vacuum fluctuations of the electromagnetic field in the presence of a perfectly conducting flat wall affect the motion of a nearby charged test particle. This system was originally investigated [1, 2] using a model in which the interaction is suddenly turned on at a given initial time, and after an interval of time τ the dispersion of the particle velocity is thus calculated. Because of the idealizations assumed in the description of the system, the dispersions are plagued with some divergences. Several aspects about this system were discussed in the literature, as for instance, the generalization to the case with two reflecting walls [3] , the behaviour of the dispersions when finite temperature effects are included [4] , and the implementation of switching mechanisms [5] [6] [7] , among others. Particularly, it was shown [7] that the assumption of a smooth switching connecting the two distinct states of the system -the particle in empty space and in the presence of a conducting wall -is enough to regularize all divergences found in the original model. An important feature exhibited by this system is the occurrence of a residual effect, i.e., in the late time regime the particle at a distance z from the wall presents a non null constant dispersion of its velocity. The existence of such a residual effect was suggested to be linked with an energy conservation law [1] . This issue was further discussed in a toy model based on a real massless scalar field [8] , where the contribution to the kinetic energy of the test particle was calculated under certain assumptions.
Here we extend this discussion by revisiting the case of an electric charge near a conducting wall. A smooth transition between the vacuum states of the system is provided by means of a switching function presenting a controllable switching time, generalizing previous analyses [3, 7] . We show that, in addition to the classical effects due to the interaction between the charged particle and the wall, a change in its kinetic energy sourced by the switched vacuum state takes place. One interesting aspect is that such quantum contribution to the energy of the particle can be positive or negative, depending on how fast the vacuum transition is implemented. For fast transitions the particle gains a certain amount of energy, while for slow transitions the particle somehow loses part of its kinetic energy as a consequence of subvacuum quantum fluctuations. Moreover we study this system under the regime of finite temperature. Similarly to the case of zero temperature, the divergences appearing in the dispersions when a sudden switching is implemented [4] are naturally regularized when a smooth transition is implemented. One interesting aspect unveiled by the implementation of the smooth switching is that thermal effects over the motion of the particle can be comparable to, or even greater than, vacuum effects arbitrarily near the boundary.
Subvacuum effects are related to the occurrence of negative quantum expectation values of quantities that are positive defined in the realm of classical physics. For instance, the renormalized vacuum expectation value of the squared electric field in a squeezed vacuum state can be negative for certain configurations. As a possible consequence, the speed of light in a nonlinear optical material in the presence of background electric field prepared in a squeezed vacuum state can be increased [9] , in opposition to classical predictions. As another example, negative energy density in Casimir-like systems and its gravitational consequences has been investigated in the literature [10, 11] . It is interesting to notice that the duration in which subvacuum effects can exist is constrained by certain quantum inequalities [12] [13] [14] [15] [16] .
Next section addresses the expression describing the dispersion of the velocity of an electric charged particle in the presence of a reflecting wall. It also includes the choice of the switching function that makes a smooth connection between the two distinct vacuum states. Assuming a scenario of zero temperature, dispersions of the velocity parallel and perpendicular to the wall are calculated in Sec. 3, and their behaviours as function of time and distance to the wall are discussed. Particularly, some aspects exhibited by these dispersions near the wall and in the late time regime are addressed. Sec. 4 deals with the change in the energy of the particle due to the transition between the vacuum states. A scenario of finite temperature is adopted in Sec. 5, where the dispersions are calculated and their behaviours discussed. Previous results are recovered, typical divergences are regularized, and new effects near the wall are unveiled. Vacuum to thermal dominance near the wall are investigated in Sec. 6 . Final remarks and conclusions are presented and Sec. 7, including a brief discussion connecting the results obtained in this work with previous results reported in the literature. Appendix A presents additional steps that are useful in the calculation of the dispersions obtained in Sec. 3. Finally, the expressions governing the late time regime in the general case when finite temperature effects are included, are presented in appendix B.
Our analysis is restricted to the case where spin degree of freedom of the charged particle can be neglected. Otherwise explicitly stated, units are such that = c = 1.
Additionally the vacuum dielectric permittivity 0 and the Boltzmann constant κ B are set to unit, which makes 1V ≈ 1.67 × 10 7 m −1 and 1K ≈ 4.37 × 10 2 m −1 in our units.
Preliminaries
We start by summarizing the main aspects about the system we would like to study. Suppose that a non relativistic test particle of mass m and electric charge q, initially in empty space, experiences a smooth transition to a space containing an infinity perfectly conducting flat wall, which is placed at z = 0. Thus, the equation of motion of the particle interacting with a background quantum electric field prepared in its vacuum state in the presence of the wall, leads to the following expression governing the dispersion (mean squared deviation) of the j-th component of the particle velocity [7] ,
where F τs,τ (t) is a switching function that allows a smooth transition between the two scenarios above described, and E j (x, t)E j (x, t ) vacuum denotes the j-th component of the renormalized electric field correlation function (positive Wightman two-point function).
Here, renormalization means that the unbounded Minkowski space (hereafter called empty space) contribution was subtracted. The parameter τ denotes the interval of time for which the particle is effectively interacting with the quantum field in the presence of the conducting wall, while τ s (switching time) is defined as the interval of time in which the system performs the transition between the two scenarios -from empty-space to the presence of a conducting wall, or vice versa. The condition of small particle displacement [1, 7] is here being used, i.e., the particle position x is assumed to be nearly a constant. The model exhibiting a sudden transition [1] can be exactly described by setting F τs,τ (t) → Θ(t)Θ(τ − t), where the unit step function Θ(t) is equal to 0 for t < 0, and 1 for t ≥ 1. In such idealized case the leading contribution for the residual dispersion (τ /z 1) of the particle velocity perpendicular to the wall is given by (∆v ⊥ ) 2 ≈ q 2 /(4π 2 m 2 z 2 ), while in the parallel directions (∆v ) 2 ≈ −q 2 /(3π 2 m 2 τ 2 ), which vanishes when τ → ∞. Throughout the text we denote (∆v ) 2 .
= (∆v x ) 2 = (∆v y ) 2 and (∆v ⊥ ) 2 . = (∆v z ) 2 . Let us implement a smooth switching described by the function F τs,τ (t) defined as [17] ,
where τ is approximately the width of the switching function, and τ s measures the duration of the switching, which corresponds to the nearest interval between two successive points of maximum curvature in this function. The behaviour of this function, as well as the geometric meaning of τ and τ s , is described in Fig. 1 , where we chose τ s /τ = 0.002. The advantage of implementing such switching is that even in a late time regime the switching duration τ s can be chosen to be finite, which is associated with a non-adiabatic process. The idealized sudden switching is obtained in the limit τ s → 0, for a fixed τ . An adiabatic transition, i.e., a process that takes an infinite duration, is obtained by setting τ s ∼ τ → ∞. 
Dispersions in the zero temperature regime
The renormalized vacuum correlation functions in Eq. (2.1) are obtained by quantizing the electric field in the presence of the reflecting boundary and subtracting the Minkowski vacuum contribution [18] . The relevant correlations to our purposes are E
where the limit of point coincidence in the spatial coordinates x → x was already taken. However, the dispersions described by Eq. (2.1) are more easily calculated if we use the following integral representation of these correlation functions,
where the prescription ∆t → ∆t − i , with > 0, was used. Introducing Eqs. (3.1) and (3.2) in Eq. (2.1), and performing the integrals (see the appendix A for further details), we obtain that
Here arg(w) is the argument of the complex number w.
The time behaviour of these dispersions are depicted in Figs. 2 and 3 where some representative values of the ratio τ s /z were chosen. Direct inspection shows that, when a smooth transition is considered, which means to assume τ s = 0, these dispersions are regular functions of time and distance to the wall. The divergences at z = 0 and τ = 2z that happen when a sudden transition is assumed (solid lines in these figures) are naturally regularized when τ s = 0. and (B.2)]. If we additionally take the limit of τ s → 0, we get that (∆v ⊥ ) 2 = q 2 /(4π 2 m 2 z 2 ) and (∆v ) 2 = 0, which are the results obtained in the late time regime described by the model exhibiting a sudden transition [1] . On the other hand, both dispersions vanish if the limit of τ s → ∞ is taken, as it occurs when a model exhibiting an adiabatic transition is assumed [7] .
The distance behaviour of these dispersions are depicted in Figs. 4 and 5 where some representative values of the ratio τ s /τ were chosen.
It is of our particular interest to 
(3.5)
As we see, for a finite switching transition the dispersions get finite values at z = 0, with a magnitude that increases as τ s decreases, being negative in the parallel direction, which means that subvacuum effects may take place near the wall. Closing this section, it is worth noticing that the limit of τ s → 0 should be taken directly in Eqs. (3.3) and (3.4) , and leads to
which are the results originally reported in the literature that corresponds to the sudden transition [1] . In such regime, the dispersion of the perpendicular component is singular on the wall, and the dispersion of the parallel component is −1/(3π 2 τ 2 ). Such singularity is a consequence of renormalizing a result that was obtained by implementing perfectly reflecting boundary conditions [19] . Hence, in such an idealized model care must be taken when near to the wall behavior is investigated. On the other hand, we saw that when the smooth transition is implemented, the dispersions are regular functions of time at any distance z, including z = 0. We should notice that there are other mechanisms that could be used to avoid such divergence, as for instante by assuming a fluctuating boundary [20, 21] .
Contribution to the kinetic energy due to the vacuum transition
Let us now study the contribution to the energy of the particle due to its interaction with the vacuum fluctuations of the quantum electric field. We stress that the effects due to the classical interaction between the particle and the conducting wall are being suppressed from our analysis. The dispersions derived in the last section show that there will be a contribution to the kinetic energy of the particle due to the quantum vacuum fluctuations, and it is given by
In the late time regime its main contribution can be written as (see appendix B for further details),
whose behaviour as function of τ s /z is depicted in Fig. 6 . There are some aspects that should be remarked. First, the limit of τ s → 0 leads to K = q 2 /(8π 2 mz 2 ), which is the result obtained when the sudden switching is implemented, as expected. This value corresponds to the maximum magnitude of transferred energy to the particle due to the transition between the vacuum states. On the other hand, when τ s → ∞ no energy is exchanged, as it is expected in an adiabatic process. The kinetic energy is positive for small values of τ s /z and gets negative values as τ s /z gets larger values, as shown in Fig. 6 . Notice that there is one particular value of τ s /z (≈ 0.66) for which K vanishes. What happens at this point is that negative vacuum fluctuations exactly cancel the positive vacuum fluctuations effects over the motion of the test particle. This means that if an experiment is prepared in such way that the switching time takes exactly this value, there will be no change in the kinetic energy of the particle sourced by the quantum vacuum fluctuations. This is an interesting result, as a finite value of τ s /z corresponds to a non-adiabatic transition process. For values larger than that, subvacuum effects dominate and the kinetic energy of the particle will be lessen by a small amount whose magnitude decreases as τ s /z increases.
Here we should mention that the regime τ s /z 1 at late times (τ → ∞) corresponds to the same behaviour discussed in an earlier publication where a different smooth switching function was implemented to describe this system [7] .
Finite temperature effects
In this section we extend our analysis to the case where the system is in thermal equilibrium at a finite temperature T = 1/β. This corresponds to exchange E j (x, t)E j (x, t ) vacuum in Eq. (2.1) by E j (x, t)E j (x, t ) β , which is the j-th component of the renormalized thermal averaged correlation function [18] . Let us decompose this finite temperature correlation function in terms of its vacuum, thermal, and mixed parts as
The vacuum term E j (x, t)E j (x, t ) vacuum was already presented in Sec. 3, while the pure thermal con-tribution is isotropic, and reads
for any j. Notice that, besides this contribution be the same in any direction, it does not depend on distance z, i.e., it is not sensitive to the presence of the wall. Finally, the mixed contribution presents two distinct components,
Just for completeness, we should mention that the correlations in directions parallel to the
Using the above results, the finite temperature dispersions (∆v j ) 2 β can be obtained in the same way as we did for the zero temperature case. First, let us split the different contributions for each component of the dispersions as
and thus they can be calculated by using the above results for the correlation functions. The pure vacuum contributions (∆v ⊥ ) 2 vacuum and (∆v ) 2 vacuum to the total dispersions are those already presented in Eqs. (3.3) and (3.4), respectively (we have introduced the label vacuum to these zero temperature dispersions just to make clear its meaning when compared to the finite temperature contributions).
Next, using the general formula given in Eq. (2.1), we obtain the following result for the pure thermal contribution,
which is spatially homogeneous and isotropic. Moreover, if we rewrite the above expression in terms of polygamma functions [22] ,
we obtain, .
where the polygamma function ψ (n) (x) for negative n is studied in Ref. [23] . Hence,
The behaviour of the finite temperature dispersion in the perpendicular direction, (∆v ⊥ ) 2 β , is depicted in Fig. 7 for some chosen values of τ s /z. The solid curve exhibits a singular behaviour at τ = 2z and corresponds to the limiting case of τ s → 0, which describes the idealized model when a sudden process is implemented [4] . On the other hand, when τ s = 0, i.e., when a smooth transition is implemented, the mentioned singularity is naturally regularized, as occurred in the model at zero temperature. Indeed, such a divergence is linked to the vacuum contribution to the dispersions. The dispersions related to the smooth transitions are always positive and the corresponding curves are always bellow the one determined by the model presenting a sudden transition, as shown in Fig. 7 .
As both thermal and mixed contributions are positive, the total effect linked to the finite temperature contributions is to increase the magnitude of the dispersion, with a stronger contribution in the interval τ < 2z. In all cases there will be residual effects in the late time regime. The behaviour of the finite temperature dispersion in the parallel direction, (∆v ) 2 β , is depicted in Fig. 8 for some representative values of τ s /z. In this case the dispersion is positive for τ < 2z and can be positive or negative for τ > 2z, depending on the temperature. We recall that in the regime of zero temperature this dispersion is always negative for τ > 2z. Now, thermal and mixed contributions present opposite signals, but for high temperature the thermal contribution is stronger and leads the dispersion to be positive. Similarly to the behaviour in the perpendicular direction, if compared to the zero temperature case, there is a distortion of the curves in the interval τ < 2z caused by the thermal contribution. The solid curve describes the model presenting a sudden transition and exhibits a singularity at τ = 2z [4] . As already discussed, implementing a smooth transition leads to the regularization of this singular behaviour. Moreover, there will be residual effects in the late time regime. However, we notice that there will be configurations such that, even at finite temperature, no residual effect will survive. This is because the positive contribution added by thermal effects can be exactly cancelled by the negative contribution coming from the vacuum term. This is a sort of quantum cooling effect produced by subvacuum fluctuations. This aspect is described in Fig. 9 for a specific case. When such regime is achieved only the dispersion of the velocity perpendicular to the wall survives.
Let us now examine the behaviour of the dispersions in the regime of small distances z/β 1. If only the main contributions are kept we obtain that (∆v ) 2 mixed ≈ − (∆v j ) 2 thermal and (∆v ⊥ ) 2 mixed ≈ (∆v j ) 2 thermal , implying that near the wall the dispersion of the parallel component of the particle velocity is sourced only by the vacuum term. This behaviour is depicted in Fig. 10 , where a switching time τ s /τ = 0.1 was set. Notice that when z goes to zero the magnitude of the dispersion converge to a value that does not depend on the temperature, as the sum of mixed and thermal contributions go to zero in this limit. The value of the dispersion at z = 0 depends only on τ s /τ (see also Fig. 5 and related discussion). On the other hand, additionally to the vacuum term, thermal and mixed terms do contribute to the dispersion in the perpendicular direction. The magnitude of such influence depends on the temperature, being larger for higher temperatures. This behaviour is depicted in Fig. 11 , where it is clearly seen that temperature can significantly affect the dispersion arbitrarily near the wall. Moreover, it is worth noticing that the magnitude of the temperature dependent contribution to the dispersion in the perpendicular direction can even be larger than the vacuum contribution, as it can be confirmed by inspecting Figs. 4 and 11 (for τ s /τ = 0.1). This issue will be further addressed in the next section.
Thermal versus vacuum dominance near the wall
The magnitude of the effect produced by quantum fluctuations on the motion of the particle can be measured by means of the mean squared velocity,
where each component in the above expression can be obtained using Eq. (5.4). When the limit of zero temperature is taken, we obtain the pure vacuum mean squared velocity = v 2 .
In order to compare thermal to vacuum contributions to the dispersions we define the fractional difference parameter γ as
so that when γ > 1 thermal effects dominate over the vacuum effects. On the other hand when γ < 1 vacuum effects will dominate. We will limit our analysis to the late time regime. For this proposal, making use of the results listed in appendix B, we obtain that
Notice that for a smooth transition (τ s /β = 0), γ is a non null regular function of τ s /β on the wall. This aspect can be seen if we evaluate the above equation on the wall, i.e., which is a function that vanishes when β → ∞, as expected, but can achieve values smaller or larger than 1, depending on the ratio τ s /β. Specifically, if we solve Eq. (6.3) for γ = 1 we obtain τ s /β ≈ 0.26. This value can be used as a reference value to study the dispersions near the wall in the late time regime. Thus, using this result in Eq. (6.2) and solving it to γ = 1, we obtain that z/β ≈ 0.015. This means that, when z/β > 0.015, finite temperature effects will dominate over vacuum effects. In order to have an estimate, suppose the particle is placed at a distance z = 1µm from the wall. In this case, a temperature of the order of 34K is enough to produce a thermal dominance over vacuum effects. This result should be compared with the one predicted by the model presenting a sudden transition. In such idealized case thermal dominance at this distance from the wall would require temperatures higher than 709K.
Final remarks
A charged test particle near a perfectly conducting flat wall is affected by the quantum vacuum fluctuations of the electromagnetic field. This is a result originally reported [1] in the context of zero temperature quantum field theory where a perfectly conducting wall is assumed to be instantaneously placed near the particle at a given initial time -a sort of sudden transition. Dispersions of the velocity of the particle were found to be function of time and distance to the wall. Due to the implementation of idealized boundary conditions and sudden transition, the results are plagued with divergences on the wall and at a time corresponding to a round trip of a light signal between the test particle and the wall, i.e., at z = 0 and τ = 2z. Extension of this model including finite temperature effects were also studied [4] . One interesting prediction of the model in the late time regime is the existence of a residual dispersion of the velocity component perpendicular to the wall, suggesting that the particle will get some energy due to the transition between empty space and boundary space vacuum state. Such late time behaviour of the dispersion was studied in an improved model where a smooth transition (described by a C 0 non-normalized function of time) between the vacuum states was assumed [5] . As a result, the residual dispersion is enhanced by a constant whose value depends on the distance z and also on a certain switching-duration parameter. However, the divergences appearing in the model presenting a sudden transition were not examined, as the dispersions were only calculated for some asymptotic regimes.
Motivated by the idea of implementing a smooth transition between the vacuum states, this system was once again examined [7] , but then implementing a smooth transition described by the normalized C ∞ switching function F , where n is a positive integer that should be chosen according to the layout of the system, and c n = (2n/π) sin(π/2n) is the normalization constant. As a result the dispersions could be analytically integrated and their behaviour could be investigated as function of time and distance from the wall. For a finite time τ , the above mentioned divergences, including the typical one on the wall, were regularized. However the regime of small distances in the limit of τ → 0 is not well defined when this switching is implemented, as the switching time goes to zero when τ goes to zero, which corresponds to the sudden transition case. The sudden approximation is full recovered as a limiting case of large n. Contrarily to the previous models, the dispersions now vanish in the late time regime. This is because the switching time introduced by this function is a linear function of τ . Hence, making τ → ∞ implies in a infinity transition duration, which means that there would be no change of the vacuum state.
A further generalization of the above described framework was here investigated by introducing the concept of a smooth transition with a controllable switching interval of time, and extending the analysis to the regime of finite temperature. The switching function describing the smooth transition is now given by Eq. (2.2). All previous results regarding the behaviour of dispersions of the velocity of the particle are now recovered as particular cases of the analytic solution of (∆v j ) 2 β described in the last section. Additionally, new effects could be unveiled, as for instance the importance of thermal effects (as compared to vacuum effects) near the wall, as discussed in Sec. 10 and 11.
A map connecting our findings with the results reported in the literature can be set as follows. The sudden transition with the system at zero temperature [1] is obtained by taking the limits of τ s → 0 and β → ∞ in the dispersions calculated in Sec. 5. The sudden transition with the system at finite temperature [4] is obtained by taking the limit of τ s → 0. The smooth transition with the system at zero temperature [7] is obtained by taking the limit of β → ∞ and adjusting the switching time τ s in terms of the parameter n. Particularly, in this last case the late time regime leads to vanishing dispersion when we set τ s → ∞, that describes the case where no transition occurs. Finally, the smooth transition at zero temperature with an independently controllable switching duration (described here in Sec. 3) is obtained by taking the limit of β → ∞. In this case residual effects occurs, whose magnitude depends on τ s . Mathematically, functions F (n) τ (t) and F τs,τ (t) play a similar role in the description of a smooth transition between the vacuum states. However, while the former leads to easier integrations in the calculation of the dispersions, the later has the advantage of allowing a controllable duration of the switching. This is an important aspect when we are interested in studying the late time regime, the near to the wall effects, and the energy gained/lost by the particle due to the transition, as discussed in Sec. 4. The magnitude and also the signal of the contribution from the vacuum fluctuations to the total energy of the particle depends a lot on the duration of the transition τ s . As shown in Fig. 6 , subvacuum effects may occur for system's configurations for which τ s is greater than a certain value, and in such cases the particle will have part of its energy suppressed by a certain amount. This is a result that can not be found in the realm of classical physics. When thermal contributions are considered, the main effect is to move the curve in Fig. 6 up to the positive region, leading to an increase of the total energy of the particle, as expected.
Closing, we would like to remark that we here investigated the contribution to the motion of a spinless charged particle due to vacuum fluctuations of the electromagnetic field in the presence of a reflecting wall. When classical effects are included, as for instance the interaction between the electric charge and the conducting wall, the total kinetic energy of the particle will be written as K total = K classical + K , where the last term in this sum is calculated with the dispersions examined in the previous sections. Hence, negative K does not mean that the kinetic energy of the particle is negative, but only that subvacuum fluctuations are able to decrease the magnitude of its energy. 
A Further details in the derivation of the vacuum dispersions

B Dispersions in the late time regime
For convenience we here present the expressions for the dispersions when the late time regime is considered. We start with the vacuum contribution, that can be obtained directly by taking the limit of τ → ∞ in Eqs. In the same way, considering the above limit in Eqs. (5.7), (5.9) and (5.10), we obtain the expression for the thermal, (∆v ⊥ ) 2 thermal = (∆v ) 2 thermal = 2q 2 3π 2 m 2 β 2 ψ 
